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Wykład 5C. Tarcza 2D modelowana elementami 8-węzłowymi

Metoda elementów skończonych
(MES1)
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Przykład. 2D tarcza model MES z użyciem elementów 8-węzłowych

x

y

pmax=60MPa

2L=100mm

2
H

 =
 1

6
0

m
m

grubość  t=2mm

Model ćwiartki tarczy 
o jednym elemencie skończonym

𝑥𝑖 1 = 0, 𝐿, 𝐿, 0, ½𝐿, 𝐿, ½𝐿, 0

𝑦𝑖 1 = 0, 0, 𝐻, 𝐻, 0, ½𝐻, 𝐻, ½𝐻
wektory współrzędnych węzłowych:

x

y

1

3

2

4

5

6

7

8
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Wektor obciążenia równoważnego od sił powierzchniowych

𝑥3 = 𝐿 ,  𝑥4 = 0  ,  𝑥7 = 
𝐿

2

𝑦3 = 𝐻 ,  𝑦4 = 𝐻  ,  𝑦7 = 𝐻

ൠ
s=0 →   = −1
s=L →   = +1 

→  s  =
𝐿

2
 + 1

𝐹𝑝
1 = 𝑡 1−

1
0, 𝑝𝑦  𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

1 × 16                                                                  2 × 16 1 × 8 8 × 1 1 × 8 8 × 1

𝐹𝑝
𝑒 = 𝑡𝑒 1−

1
𝑝𝑥, 𝑝𝑦 𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

1 × 16                                                                  2 × 16 1 × 8 8 × 1 1 × 8 8 × 1

𝑳 = 50𝑚𝑚

𝑠

𝑝𝑦 𝑠  = 𝑝𝑚𝑎𝑥 1 −
𝑠

𝐿

 = 1

𝑝𝑦   = 𝑝𝑚𝑎𝑥 1 −
𝑠 

𝐿
= 𝑝𝑚𝑎𝑥 1 −

1

2
 + 1 =

𝑝𝑚𝑎𝑥

2
1 − 
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funkcje kształtu elementu i ich pochodne w układzie naturalnym:

𝑖
𝜕𝑁𝑖

𝜕𝜉

1    ¼ 1 − 𝜂 2𝜉 + 𝜂
2 ¼ 1 − 𝜂 2𝜉 − 𝜂
3 ¼ 1 + 𝜂 2𝜉 + 𝜂
4 ¼ 1 + 𝜂 2𝜉 − 𝜂
5   - 1 − 𝜂 𝜉
6  ½(1 − 𝜂2) 
7   - 1 + 𝜂  𝜉
8  ½(1 − 𝜂2) 

𝜕𝑁𝑖

𝜕𝜂

¼ 1 − 𝜉 𝜉 + 2𝜂
¼ 1 + 𝜉 2𝜂 − 𝜉
¼ 1 + 𝜉 𝜉 + 2𝜂
¼ 1 − 𝜉 2𝜂 − 𝜉
-½(1 − 𝜉2)
- 1 + 𝜉  𝜂
½(1 − 𝜉2)
- 1 − 𝜉  

𝜕𝑁𝑖 𝜉,1

𝜕𝜉

¼ 1 − 1 2𝜉 + 1 = 0
¼ 1 − 1 2𝜉 − 1  = 0
¼ 1 + 1 2𝜉 + 1 =½ 𝟐𝝃 + 𝟏
¼ 1 + 1 2𝜉 − 1 =½ 𝟐𝝃 − 𝟏
 - 1 − 1 𝜉=0
½(1 − 12) =0
- 1 + 1  𝜉= -2 𝝃
½(1 − 12)=0 

𝑖 𝑁𝑖 𝜉, 1
1             0
2             0
3           ½ 1 + 𝜉 𝜉
4          - ½ 1 − 𝜉 𝜉
5             0
6             0
7           1 − 𝜉2

8             0
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𝐹𝑝
1 = 𝑡 1−

1
0, 𝑝𝑦  𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 1= 

𝜕𝑁3(𝜉,1)

𝜕𝜉
𝑥3 +

𝜕𝑁4(𝜉,1)

𝜕𝜉
𝑥4 +

𝜕𝑁7(𝜉,1)

𝜕𝜉
𝑥7 =

= ½ 2𝜉 + 1 · 𝐿 + ½ 2𝜉 − 1 · 0 − 2 𝜉 · 𝐿

2
=

𝐿

2

𝜕𝑁3 𝜉,1

𝜕𝜉
 = ½ 2𝜉 + 1   , 

𝜕𝑁4 𝜉,1

𝜕𝜉
 = ½ 2𝜉 − 1   , 

𝜕𝑁7 𝜉,1

𝜕𝜉
 = -2 𝜉

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 1= 

𝜕𝑁3(𝜉,1)

𝜕𝜉
𝑦3 +

𝜕𝑁4(𝜉,1)

𝜕𝜉
𝑦4 +

𝜕𝑁7(𝜉,1)

𝜕𝜉
𝑦7 =

𝑥3 = 𝐿 ,  𝑥4 = 0  ,  𝑥7 = 
𝐿

2

𝑦3 = 𝐻 ,  𝑦4 = 𝐻  ,  𝑦7 = 𝐻

= ½ 2𝜉 + 1 · 𝐻 + ½ 2𝜉 − 1 · H − 2 𝜉 · 𝐻 = 0

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
= 

𝐿

2

𝐹𝑝
1 = 𝑡

𝐿

2
1−

1
0, 𝑝𝑦  𝑁(𝜉, 1) 𝑑𝜉 

𝑁3 𝜉, 1 = ½ 1 + 𝜉 𝜉     ,    𝑁4 𝜉, 1 =  - ½ 1 − 𝜉 𝜉 ,  𝑁7 𝜉, 1 = 1 − 𝜉2

𝑁(𝜉, 1) =
0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0 0

0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0
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𝐹𝑝
1 = 𝑡

𝐿

2
1−

1
0, 𝑝𝑦  𝑁(𝜉, 1) 𝑑𝜉 

𝑁3 𝜉, 1 = ½ 1 + 𝜉 𝜉     ,    𝑁4 𝜉, 1 =  - ½ 1 − 𝜉 𝜉 ,  𝑁7 𝜉, 1 = 1 − 𝜉2

𝑁(𝜉, 1) =
0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0 0

0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0

𝑝𝑦   = 
𝑝𝑚𝑎𝑥

2
1 − 

0 , 𝑝𝑦 

0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0 0

0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 0 0 0 0 𝑁7 𝜉, 1  0 0

0, 0, 0, 0, 0,  𝑁3 𝜉, 1 𝑝𝑦  , 0,  𝑁4 𝜉, 1 𝑝𝑦  , 0, 0, 0, 0, 0,  𝑁7 𝜉, 1 𝑝𝑦  , 0, 0

1

3

2

4

5

6

7

8

𝑭𝒑
𝟖_𝟏 = 𝑡𝐿

6
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟏𝟒_𝟏 = 𝑡𝐿

3
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟔_𝟏=0 

𝑭𝒑
𝟔_𝟏 = 𝑡

𝐿

2
1−

1 𝑝𝑚𝑎𝑥

2
1 −   ½ 1 + 𝜉 𝜉 𝑑𝜉=0 

𝑭𝒑
𝟖_𝟏 = 𝑡

𝐿

2
1−

1 𝑝𝑚𝑎𝑥

2
1 −  − ½ 1 − 𝜉 𝜉 𝑑𝜉 = 𝑡𝐿

6
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟏𝟒_𝟏 = 𝑡

𝐿

2
1−

1 𝑝𝑚𝑎𝑥

2
1 −  1 −  𝜉2 𝑑𝜉 = 𝑡𝐿

3
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟔_𝟏 𝑭𝒑

𝟖_𝟏 𝑭𝒑
𝟏𝟒_𝟏
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𝑞 1 =

𝑢1
𝑣1
𝑢2

𝑣2

⋮
⋮

𝑢8

𝑣8 1

16 × 1

Warunki brzegowe: N = 16 − 6 = 10

wektor parametrów węzłowych elementu 1

𝑞 1 = 𝑢1, 𝑣1, 𝑢2, 𝑣2 … , , 𝑢8, 𝑣8 1
1 × 16

𝑞 1 = 𝑢2, 𝑢3, 𝑣3, 𝑣4, 𝑢5, 𝑢6, 𝑣6, 𝑢7, 𝑣7, 𝑣8 1
1 × 10

𝑤𝑒𝑘𝑡𝑜𝑟 − 𝑘𝑜𝑙𝑢𝑚𝑛𝑎

𝑤𝑒𝑘𝑡𝑜𝑟 − 𝑤𝑖𝑒𝑟𝑠𝑧

wektor aktywnych parametrów węzłowych po uwzględnieniu warunków brzegowych:

x

y

1

3

2

4

5

6

7

8

𝑢4=0

𝑣4

𝑢2

𝑣2=0

𝑢1=0

𝑣1=0

𝑢3

𝑣3

𝑢5

𝑣5=0

𝑢6

𝑣6

𝑢7

𝑣7

𝑢8=0

𝑣8
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Macierz gradientu dla warunku PSN: 

𝑅 =

𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑥

 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

 =
3 × 2

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉

 +

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

=

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
+

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

𝐵 = 𝑅 𝑁 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕𝑁

𝜕𝜉
+

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕𝑁

𝜕𝜂
3 × 16 3 × 2 2 × 16

macierz odkształcenie−przemieszczenie
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𝑑𝑒𝑡 𝐽 = 𝑑𝑒𝑡

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

 = 
𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜂
 −

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂
 = 

= 
𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 −

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉

𝜕 𝑁 𝜉,𝜂 𝑥𝑖 𝑒

𝜕𝜂
 =

=
𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

1 × 8 1 × 8 1 × 8 1 × 8
8 × 1 8 × 1 8 × 1 8 × 1

𝜕𝜉

𝜕𝑥
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒

𝜕𝜂

𝜕𝑥
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕𝜉

𝜕𝑦
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

𝜕𝜂

𝜕𝑦
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

8 × 1
1 ×8

8 × 1
1 ×8

8 × 1
1 ×8

8 × 1
1 ×8
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𝜕𝑁

𝜕𝜉
=

𝜕𝑁1

𝜕𝜉
 0 

𝜕𝑁2

𝜕𝜉
 0 

𝜕𝑁3

𝜕𝜉
 0 

𝜕𝑁4

𝜕𝜉
 0 

𝜕𝑁5

𝜕𝜉
 0 

𝜕𝑁6

𝜕𝜉
 0 

𝜕𝑁7

𝜕𝜉
 0 

𝜕𝑁8

𝜕𝜉
 0

0 
𝜕𝑁1

𝜕𝜉
 0 

𝜕𝑁2

𝜕𝜉
 0 

𝜕𝑁3

𝜕𝜉
 0 

𝜕𝑁4

𝜕𝜉
 0 

𝜕𝑁5

𝜕𝜉
 0 

𝜕𝑁6
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2
(1 − 𝜈)3 × 3

𝑚𝑎𝑐𝑖𝑒𝑟𝑧 
𝑘𝑜𝑛𝑠𝑡𝑦𝑡𝑢𝑡𝑦𝑤𝑛𝑎 𝑑𝑙𝑎 𝑃𝑆𝑁:

𝑘 𝑒 = 𝑡𝑒 න
−1

1

න
−1

1

𝐵(𝜉, 𝜂) 𝑇 𝐷 𝐵(𝜉, 𝜂) 𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
16 × 16 16 × 3 3 × 3 3 × 16

𝑚𝑎𝑐𝑖𝑒𝑟𝑧 sztywności elementu:
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𝑘 𝑒 = 𝑡𝑒 න
−1

1

න
−1

1

𝐵(𝜉, 𝜂) 𝑇 𝐷 𝐵(𝜉, 𝜂) 𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
16 × 16 16 × 3 3 × 3 3 × 16

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 157054.6148 48611.11111 88708.77897 259.9524658 78527.30739 20016.33987 52640.37433 -259.9524658 -218143.4442 -23915.62686 -42458.90275 -11437.9085 -114595.712 -11437.9085 -1733.016439 -21836.00713

2 48611.11111 101294.8109 -259.9524658 44529.8574 20016.33987 50647.40543 259.9524658 46635.47237 -21836.00713 -64589.52268 -11437.9085 -52753.0204 -11437.9085 -48541.79045 -23915.62686 -77223.21252

3 88708.77897 -259.9524658 157054.6148 -48611.11111 52640.37433 259.9524658 78527.30739 -20016.33987 -218143.4442 23915.62686 -1733.016439 21836.00713 -114595.712 11437.9085 -42458.90275 11437.9085

4 259.9524658 44529.8574 -48611.11111 101294.8109 -259.9524658 46635.47237 -20016.33987 50647.40543 21836.00713 -64589.52268 23915.62686 -77223.21252 11437.9085 -48541.79045 11437.9085 -52753.0204

5 78527.30739 20016.33987 52640.37433 -259.9524658 157054.6148 48611.11111 88708.77897 259.9524658 -114595.712 -11437.9085 -1733.016439 -21836.00713 -218143.4442 -23915.62686 -42458.90275 -11437.9085

6 20016.33987 50647.40543 259.9524658 46635.47237 48611.11111 101294.8109 -259.9524658 44529.8574 -11437.9085 -48541.79045 -23915.62686 -77223.21252 -21836.00713 -64589.52268 -11437.9085 -52753.0204

7 52640.37433 259.9524658 78527.30739 -20016.33987 88708.77897 -259.9524658 157054.6148 -48611.11111 -114595.712 11437.9085 -42458.90275 11437.9085 -218143.4442 23915.62686 -1733.016439 21836.00713

8 -259.9524658 46635.47237 -20016.33987 50647.40543 259.9524658 44529.8574 -48611.11111 101294.8109 11437.9085 -48541.79045 11437.9085 -52753.0204 21836.00713 -64589.52268 23915.62686 -77223.21252

9 -218143.4442 -21836.00713 -218143.4442 21836.00713 -114595.712 -11437.9085 -114595.712 11437.9085 458382.8481 -1.81899E-11 -1.81899E-11 -45751.63399 207095.4644 -9.09495E-12 5.45697E-12 45751.63399

10 -23915.62686 -64589.52268 23915.62686 -64589.52268 -11437.9085 -48541.79045 11437.9085 -48541.79045 -1.81899E-11 194167.1618 -45751.63399 7.27596E-12 -7.27596E-12 32095.46445 45751.63399 -3.63798E-12

11 -42458.90275 -11437.9085 -1733.016439 23915.62686 -1733.016439 -23915.62686 -42458.90275 11437.9085 -1.45519E-11 -45751.63399 169835.611 7.27596E-12 1.45519E-11 45751.63399 -81451.77263 5.45697E-12

12 -11437.9085 -52753.0204 21836.00713 -77223.21252 -21836.00713 -77223.21252 11437.9085 -52753.0204 -45751.63399 5.45697E-12 -7.27596E-12 211012.0816 45751.63399 -1.81899E-11 5.45697E-12 48940.38423

13 -114595.712 -11437.9085 -114595.712 11437.9085 -218143.4442 -21836.00713 -218143.4442 21836.00713 207095.4644 -9.09495E-12 0 45751.63399 458382.8481 -1.09139E-11 0 -45751.63399

14 -11437.9085 -48541.79045 11437.9085 -48541.79045 -23915.62686 -64589.52268 23915.62686 -64589.52268 -7.27596E-12 32095.46445 45751.63399 -1.09139E-11 -1.09139E-11 194167.1618 -45751.63399 0

15 -1733.016439 -23915.62686 -42458.90275 11437.9085 -42458.90275 -11437.9085 -1733.016439 23915.62686 2.00089E-11 45751.63399 -81451.77263 7.27596E-12 -2.91038E-11 -45751.63399 169835.611 0

16 -21836.00713 -77223.21252 11437.9085 -52753.0204 -11437.9085 -52753.0204 21836.00713 -77223.21252 45751.63399 -3.63798E-12 3.63798E-12 48940.38423 -45751.63399 0 1.09139E-11 211012.0816

[K] NxN

157054.6148 52640 259.9524658 -20016.33987 -2E+05 -1733 21836.00713 -1E+05 11437.9085 11438

52640.37433 157055 48611.11111 259.9524658 -1E+05 -1733 -21836.0071 -2E+05 -23915.6269 -11438

259.9524658 48611 101294.8109 44529.8574 -11438 -23916 -77223.2125 -21836 -64589.5227 -52753

-20016.33987 259.95 44529.8574 101294.8109 11438 11438 -52753.0204 21836 -64589.5227 -77223

-218143.4442 -1E+05 -11437.9085 11437.9085 458383 -2E-11 -45751.634 207095 -9.0949E-12 45752

-1733.016439 -1733 -23915.6269 11437.9085 -1E-11 169836 7.27596E-12 1E-11 45751.634 5E-12

21836.00713 -21836 -77223.2125 -52753.0204 -45752 -7E-12 211012.0816 45752 -1.819E-11 48940

-114595.712 -2E+05 -21836.0071 21836.00713 207095 0 45751.63399 458383 -1.0914E-11 -45752

11437.9085 -23916 -64589.5227 -64589.52268 -7E-12 45752 -1.0914E-11 -1E-11 194167.162 0

11437.9085 -11438 -52753.0204 -77223.21252 45752 4E-12 48940.38423 -45752 0 211012

Całkowanie numeryczne (2 x 2 Gauss points)
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x  strain

Odkształcenia na kierunek X
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y  strain

Odkształcenia na kierunek Y
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xy  strain

Odkształcenia postaciowe
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DMX =.047092

SMN =-5.50981

SMX =28.663
MN

MX

X

Y

Z

-5.50981

-1.71283

2.08415

5.88113

9.67811

13.4751

17.2721

21.0691

24.866

28.663

𝑬𝑳𝑬𝑴𝑬𝑵𝑻
𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵
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x

y

y

[MPa]

FEB 25 2022

17:16:53

PLOT NO.   4

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SY       (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.046767

SMN =-1.56578

SMX =58.9382

MNMX

X

Y

Z

-1.56578

5.15688

11.8795

18.6022

25.3249

32.0475

38.7702

45.4928

52.2155

58.9382

FEB 25 2022

17:10:29

PLOT NO.   4

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SY       (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047175

SMN =-.352283

SMX =60.0386

MNMX

X

Y

Z

-.352283

6.35781

13.0679

19.778

26.4881

33.1982

39.9083

46.6184

53.3285

60.0386

FEB 25 2022

16:20:38

PLOT NO.   6

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY       (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.04694

SMN =1.91405

SMX =58.086

MNMX

X

Y

Z

1.91405

8.15537

14.3967

20.638

26.8793

33.1207

39.362

45.6033

51.8446

58.086

FEB 25 2022

17:14:32

PLOT NO.   4

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SY       (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047092

SMN =-1.1916

SMX =59.8685

MNMX

X

Y

Z

-1.1916

5.59286

12.3773

19.1618

25.9462

32.7307

39.5152

46.2996

53.0841

59.8685

𝑵𝑶𝑫𝑨𝑳
 𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵
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x

y

y

[MPa]

FEB 25 2022

17:17:42

PLOT NO.  10

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY       (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.046767

SMN =-1.56578

SMX =58.9382

MNMX

X

Y

Z

-1.56578

5.15688

11.8795

18.6022

25.3249

32.0475

38.7702

45.4928

52.2155

58.9382

FEB 25 2022

17:15:05

PLOT NO.   7

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY       (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.047092

SMN =-1.1916

SMX =59.8685

MNMX

X

Y

Z

-1.1916

5.59286

12.3773

19.1618

25.9462

32.7307

39.5152

46.2996

53.0841

59.8685

FEB 25 2022

16:20:38

PLOT NO.   6

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY       (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.04694

SMN =1.91405

SMX =58.086

MNMX

X

Y

Z

1.91405

8.15537

14.3967

20.638

26.8793

33.1207

39.362

45.6033

51.8446

58.086

FEB 25 2022

17:11:15

PLOT NO.   7

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY       (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.047175

SMN =-.352283

SMX =60.0386

MNMX

X

Y

Z

-.352283

6.35781

13.0679

19.778

26.4881

33.1982

39.9083

46.6184

53.3285

60.0386

𝑬𝑳𝑬𝑴𝑬𝑵𝑻
𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵

26

Wpływ dyskretyzacji na jakość wyników (elementy 8węzłowe)

1                                                4                                                

16                                                64                                                



x

y

xy

[MPa]

FEB 25 2022

17:17:00

PLOT NO.   5

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.046767

SMN =-7.53406

SMX =.668435MN

MXX

Y

Z

-7.53406

-6.62267

-5.71128

-4.79989

-3.88851

-2.97712

-2.06573

-1.15434

-.242953

.668435

FEB 25 2022

16:20:46

PLOT NO.   7

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.04694

SMN =-6.81074

SMX =2.7595

MNMX X

Y

Z

-6.81074

-5.74738

-4.68402

-3.62066

-2.5573

-1.49394

-.430576

.632784

1.69614

2.7595

FEB 25 2022

17:14:40

PLOT NO.   5

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047092

SMN =-8.18541

SMX =.152147

MN

MX

X

Y

Z

-8.18541

-7.25902

-6.33262

-5.40623

-4.47983

-3.55344

-2.62704

-1.70064

-.774249

.152147

FEB 25 2022

17:10:42

PLOT NO.   5

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047175

SMN =-7.2591

SMX =.095601

MN

MX

X

Y

Z

-7.2591

-6.44191

-5.62472

-4.80753

-3.99034

-3.17315

-2.35596

-1.53878

-.721588

.095601

𝑵𝑶𝑫𝑨𝑳
 𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵
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x

y

xy

[MPa]

FEB 25 2022

17:17:53

PLOT NO.  11

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.046767

SMN =-10.4579

SMX =.668435
MN

MXX

Y

Z

-10.4579

-9.22163

-7.98537

-6.74912

-5.51286

-4.2766

-3.04034

-1.80408

-.567824

.668435

FEB 25 2022

16:20:46

PLOT NO.   7

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.04694

SMN =-6.81074

SMX =2.7595

MNMX X

Y

Z

-6.81074

-5.74738

-4.68402

-3.62066

-2.5573

-1.49394

-.430576

.632784

1.69614

2.7595

FEB 25 2022

17:15:15

PLOT NO.   8

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.047092

SMN =-8.78477

SMX =.152147

MN

MX

X

Y

Z

-8.78477

-7.79178

-6.79879

-5.8058

-4.81281

-3.81982

-2.82683

-1.83383

-.840844

.152147

FEB 25 2022

17:11:25

PLOT NO.   8

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.047175

SMN =-7.33453

SMX =.163931

MN

MX

X

Y

Z

-7.33453

-6.50137

-5.66821

-4.83505

-4.00188

-3.16872

-2.33556

-1.50239

-.669232

.163931

𝑬𝑳𝑬𝑴𝑬𝑵𝑻
𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵
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